The strong convergence of the Mann iteration for a demicontractive mapping T : C → C, where C is a subset of a real Hilbert space, is investigated. The main result states that if T is demicontractive and Fréchet differentiable at some fixed point of T , then the Mann iteration with suitable starting point, converges strongly to that fixed point. In particular, it is shown that if T is strongly demicontractive and Fréchet differentiable at its (unique) fixed point, then T satisfies a Kannan contraction inequality.
Introduction
Let H be a real Hilbert space (scalar product · and norm · ) and C ⊂ H a closed convex subset of H. A mapping T : C → C is said to be demicontractive if the set of fixed points of T is nonempty, F ix(T ) = ∅, and T x − p 2 ≤ x − p 2 + k x − T x 2 , ∀x ∈ H, p ∈ F ix(T ), (1.1) where k ∈ (0, 1). T is said to be strongly demicontractive if F ix(T ) = ∅, and T x − p 2 ≤ α x − p 2 + k x − T x 2 , ∀x ∈ H, p ∈ F ix(T ), (1.2) were α, k ∈ (0, 1).
Remark 1.1. In the paper [10] (2012) was proposed the name Firmly pseudodemicontractive for a mapping satisfying (1.2). We consider that Strongly demicontractive, terminology which was used in [8] (2011), is more appropriate.
The demicontractivity and some weak smoothness conditions, like demiclosedness at zero, ensure the weak convergence of the Mann iteration to some fixed point [5, 7] . To get strong convergence, some additional conditions are needed (see, for example, [4] ).
The problem of additional conditions for getting strong convergence of the Mann iteration for demicontractive mappings was discussed in several papers, including the papers in which the concept of demicontractivity was introduced [5, 7] . For example in [5] it is required, in addition, that I − T maps closed bounded subsets of C into closed subsets of C; in particular, this is satisfied if T is demicompact. In [7] the existence of a nonzero solution h ∈ H, h = 0, of the variational inequality x − T x, h ≤ 0, ∀x ∈ C is required as additional condition. It is obvious that the existence of a nonzero solution of this variational inequality occurs only in very particular cases; an example for linear equations is given in [7] .
In [2] it is required (as the main additional condition) that the mapping T should be demicompact (Corollary 3.3). Note that this result was proved in [3] for a strictly pseudocontractive mapping (such mappings are more restrictive than the demicontractive ones). The same type of additional conditions (T is demicompact or C is a compact subset of H) appear in [6] . In [8] the concept of α-demicontractivity is introduced and it is proved that strong demicontractivity together with α-demicontractivity ensure the strong convergence. A recent additional condition is given in [1] , namely, T x, x ≥ x 2 −λ x−T x 2 , ∀x ∈ C, where λ is the constant that appears in the (A) condition [7] .
In this paper we prove the strong convergence of the Mann iteration for demicontractive mappings without genuine additional conditions, but with stronger smoothness conditions than demiclosedness at zero, more precisely, the mapping T is supposed to be Fréchet differentiable at some fixed point. We prove also that a strongly demicontractive mapping satisfies an inequality of Kannan type.
Preliminaries and lemmas
The following lemma is a simple variant of the Mean Value Theorem.
where R(u) satisfies the following condition: Given c > 0 there exists r such that if u ∈ S(p, r) = {x :
The proof is immediate if we take
In the following the mapping T : C → C will be said to satisfy condition (A) if T has a fixed point p ∈ C, T is Fréchet differentiable at p and I − T (p) is invertible.
Lemma 2.2. Suppose that T satisfies the condition (A). Then, for any positive number c satisfying the condition cη < 1, where η := (I − T (p)) −1 , there exists r such that
Proof. Let c be a positive number satisfying cη < 1 and r defined in Lemma 1. Since η R(x) ≤ ηc < 1, from Perturbation Lemma it results that there
Now, using again Lemma 1, we have
Finally we obtain
Remark 2.3. In the conditions of Lemma 2 the point p is the unique fixed point of T in S(p, r). Indeed, if q is another fixed point of T in S(p, r), q = p, then q − p ≤ β q − T (q) = 0, which is a contradiction.
Strong convergence
We are now able to investigate the strong convergence of the Mann iteration in the case of a mapping that is Fréchet differentiable at a fixed point, for both demicontractive and strongly demicontractive mappings.
In the case of demicontractive mappings the strong convergence can be obtained in the usual conditions on the control sequence.
Theorem 3.1. Suppose that T is demicontractive on C and satisfies condition (A). Then the sequence {x n } generated by the Mann iteration with control sequence {t k } satisfying the condition 0 < a ≤ t n ≤ b < 1 − k, and for suitable starting point x 0 , converges strongly to p.
Proof. The inequality (1.1) is equivalent with
Thus, if T tn = (1 − t n )I + t n T denote the generation function of the Mann iteration, we have
As x n+1 = T tn (x n ) and because 1 − k − t n > 0, it follows that x n+1 − p ≤ x n − p and so x n − p → l P as n → ∞. From 0 < a ≤ t n ≤ b < 1 − k we have further that
Let c be a positive number satisfying the condition c < [I − T (p)] −1 −1 and r defined in Lemma 2. If x 0 ∈ S(p, r) then {x n } ⊂ S(p, r), ∀n and we can apply Lemma 2. It results
and the sequence defined by x n+1 = T tn (x n ) converges to p. Note that, generally, the condition T (p) < 1 is more restrictive than the existence of (I − T (p)) −1 .
It is obvious that the same statement concerning the strong convergence of the Mann iteration is valid in this case of strongly demicontractive mappings. Under some appropriate conditions this class of mappings verifies the Kannan contraction inequality and, on this basis, the strong convergence can be obtained. The theorem below highlights this property. For the sake of simplicity, we consider a Mann iteration with constant control sequence, t n = t, n = 0, 1, 2, ..., usually known as Krasnoselski iteration, i.e., the iteration is defined by T t = (1 − t) + tT . Recall that a mapping T : C → C is a Kannan contraction if
where ∈ (0, 1/2). There holds The Kannan fixed point theorem or Kannan principle: A mapping T that satisfies (3.1) has a unique fixed point p and the Picard iteration converges to p. Note that (3.1) does not imply the continuity of T , as the well known Banach contraction does, and that the fixed point theorem of Kannan characterizes the metric completeness of the underlying space [9] . In the sequel we will suppose that T is strongly demicontractive with constants α, k.
Suppose that there exists a number satisfying the conditions: 0 < < 0.5,
Remark 3.3. In the particular case of a strongly demicontractive mapping T with α = 0.5 and k = 0.2, for any ∈ (0.45, 0.5) we have
Thus, if η < 0.532 then (3.2) is satisfied.
From (3.2) it follows that we can find a number c greater than zero so that
Now let r be the radius defined in Lemma 2 and β = η 1−ηc .
Theorem 3.4. Suppose that T : C → C is a strongly demicontractive mapping and satisfies condition (A). Let c be a positive number such that ηc < 1 and suppose that there exists satisfying conditions (3.2). Then
where t ∈ (t 1 , t 2 ) ∩ (0, 1) and t 1 , t 2 are the roots of the polynomial
Proof. The inequality (1.2) is equivalent with
and we obtain
Using Lemma 2, there exists r such that x − p ≤ β x − T (x) , ∀x ∈ S(p, r) and, taking into account that x − T (x) = x − T t (x) /t, we have
Consider the polynomial P (y) :
, P has two real roots, y 1 , y 2 , and y 1 = ( 1 − 2 − √ ∆)/(1 − α). As β < y 1 it follows that P (β) > 0.
Consider now the polynomial Q(t)
and Q has also two real roots
Obviously, t 2 > 0. The lowest root t 1 is less than 1, t 1 < 1. Indeed, from (3.
we have that Q(t) < 0 which means that
From (3.4) we obtain, for t ∈ (t 1 , t 2 ) ∩ (0, 1)
Finally we have
Remark 3.5. If, besides the conditions of Theorem 2, we suppose that T (S(p, r)) ⊂ S(p, r), then T t : S(p, r) → S(p, r) and T t is a Kannan contraction. We can use the Kannan fixed point theorem to conclude that the Mann iteration with control sequence satisfying t ∈ (t 1 , t 2 ) ∩ (0, 1) converges to p. The conditions required by Theorem 2 concerning the control sequence are quite different from those required in Theorem 1. Corollary 3.6. Suppose that T : C → C is a strongly demicontractive mapping and satisfies condition (A). Suppose further that the following two conditions are satisfied
(3.6) Then T satisfies a Kannan contraction condition with = 0.48413....
Proof. It is sufficient to prove inequalities (3.2).
From (3.5) it follows that 1 4
Thus the first two inequalities of (3.2) are fulfilled. Let f 1, f 2 be two real functions of three variable, each defined by
Consider now the following two constrained optimization problems:
It is easy to show that min f 1 = 0 and min f 2 = 0.136. Note that 0.48413... is the lowest value of for which min f 1 = 0. From (3.6) we obtain the third inequality (3.2). Therefore, the conditions (3.2) are fulfilled. 2
If α, k ∈ (0.134, 1) then 3 − 4(1 − α)(1 − k) > 0. Also, the minimum value of 1 − (1 − α)(1 − k) for α, k ∈ (0.134, 1) is 0.25. Therefore, if the demicontractive constants α, k belong to this interval and ∈ (0.48413..., 0.5) then (3.2) are satisfied. We obtain , r) ) ⊂ S(0, r) and therefore f t is a Kannan contraction for t ∈ (t 1 , t 2 ). Note also that (t 1 , t 2 ) approximates quite well the interval of good values of t (for which the Mann iteration converges), in our example this interval is (0, 0.9).
